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Abstract
The purpose of this paper is to examine the impact of two fundamental
changes in labor force participation since 1950 upon the aggregate
personal saving rate. These two changes are the reduced participation
of older workers and the increased participation of younger (mostly
female) workers. Their combined impact upon aggregate saving is examined
through simulations of a life cycle saving model. Taken together, these
two changes in labor force participation are shown to have potentially
equal and opposite impacts upon saving. This would explain the relative
constancy of the aggregate saving rate from 1950-1975. Furthermore, the
decline in the saving rate since 1975 may be explained by a recent
slowdown in early retirements compared with an acceleration in the
rising participation of younger workers.

The purpose of this paper is to examine the impact of two fundamental
changes in labor force participation since 1950 upon the aggregate personal
saving rate. These two changes are the reduced participation of older workers
and the increased participation of younger (mostly female) workers. Their
combined impact upon aggregate saving is examined through simulations of
a life cycle saving model developed^ below.
A ceteris paribus decline in labor force participation among older
workers is shown to increase the aggregate saving rate. This effect has
received widespread attention in recent studies of the impact of social
security upon private saving. A ceteris paribus increase in participation
among younger workers is shown to reduce the saving rate. This effect has
received much less attention and is the major focus of this paper. Taken
together, these two changes in labor force participation are shown to have
potentially equal and opposite impacts upon saving. This would explain
the relative constancy of the aggregate saving rate from 1950-1975.
Furthermore, the decline in the saving rate since 1975 may be explained
by a recent slowdown in early retirements compared with an acceleration
in the rising participation of younger workers.
In Section I data on saving and labor force participation from 1950-
1980 are summarized. In Section II a model of individual saving behavior
is developed based upon a life cycle model of consumption with endogenous
labor supply. In Section III aggregate implications are derived. In
Section IV the aggregate model is used to simulate decreases in years
worked and increases in hours worked on the aggregate saving rate. In
Section V conclusions are drawn and results are summarized.
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I. Aggregate Saving Rates and Labor Force Participation: 1950-1980
Despite a recent and well-publicized decline in personal saving,
most measures of the aggregate saving rate reveal it to be remarkably
constant over the past thirty years. Table 1 summarizes five-year
averages for two measures of the saving rate. Column one presents per-
sonal saving as a fraction of disposable personal income defined according
to the National Income and Products Accounts (NIPA). Column two presents
gross saving as a fraction of adjusted disposable income defined according
to the Federal Reserve Flow of Funds Accounts (FOFA). Gross saving equals
NIPA saving plias credits from government insurance, capital gains dividends,
and gross accumulation of durable goods. These data confirm the relative
stability of the saving rate over the past 30 years with the possible
exception of the early 1970s when saving rates were unusually high and
the late 1970s when rates were unusually low.
Two fundamental changes in labor force participation have occurred
since 1950—a decline in the participation rates of older workers resulting
in shorter expected working lives and an increase in the participation rates
of younger workers resulting in more intensive participation during the
working years. • . r- ,
Table 2 summarizes changes in participation rates of older workers,
male and female, since 1950. Males 55 and older, and females 65 and older
exhibit a secular decline in participation rates, males more than females,
and the 65+ group more than the 55-64 group. For both sexes combined there
is a steady decline in participation of age 65+ individuals since 1950, while
individuals age 55-64 show an increase from 1950 to 1960 and thereafter a
gradual decrease in labor force participation.
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Table 1
Aggregate Personal Saving Rates
Years NIPA Basis FOFA Basis
1951-55 6.9% 21.8%
1956-60 6.7 21.5
,9
,7
6..3
7.,3
8.,1
5.,7
1961-65 21.1
1966-70 23.0
1971-75 '•''' 23.8
1976-80 NA
1951-80 6.8 22.2
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Table 2
Labor Force Participation Rates of Older Workers
Malles Females
^
Both Sexes
Year 55-64 yrs. 65+ yrs 55-64 yrs.L 65+ yrs. 55--64 yrs. 65+ yrs.
1950 86.9% 45.8 27.0 9.7 56.7 26.7
1955 87.9 39.6 32.5 10.6 59.4 24.1
1960 86.8 33.1 37.2 10.8 62.0 20.9
1965 84.6 27.9 41.1 10.0 61.9 17.9
1970 83.0 26.8 43.0 9.7 61.8 17.0
1975 75.8 21.7 41.0 8.3 57.4 13.8
1980 72.3 19.1 41.5 8.1 56.0 12.6
Source : U.S.
Labor
Department of
Statistics,
Labor, Bureau
Bulletin 2070,
of Labor
Table 2.
Statistics, Handbook of
^T
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Table 3
Average Expected Years of Life Remaining and
Working Life for a Male (Single Female) Aged 20
Year Average yrs. of Life Remaining Average yrs. of Working Life
1950 49 43
1960 50
(56)
43
(45)
.'
1970 50
(57) -I : -'*l'
37
(41)
' J '\
1977 51 37
Source ; For 1950, 1960 and 1970 (female only): U.S. Department of Labor
Statistics, Monthly Labor Review
,
February 1976. For 1970 (male
only) and 1977: Revision of above by Shirley Smith, Bureau of
Labor Statistics.
f .
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Table 3 provides related evidence on the declining participation of
older workers. It summarizes the findings of several recent Bureau of Labor
Statistics' studies on the average remaining years of life and working
life for males (and single females) aged 20 in various years. Comparable
data on married females are not available. These data reveal a small
increase since 1950 in years of life remaining and a substantial decrease
in expected working lives.
The second fundamental change in labor force behavior since 1950 is
the increased participation of individuals under 55. Table 4 summarizes
the labor force participation rates of males age 20-5A, and Table 5 pre-
sents the corresponding rates for females. These data show essentially
no change in the participation of males and a huge increase in the partic-
ipation of females. Table 6 combines the behavior of the two sexes by
age group and then combines the age groups. The last column of Table 6
shows a steady increase in the participation of 20-54 year olds from
a rate of 66.3 percent in 1950 to 78.7 percent in 1980.
II. A Life Cycle Saving Model with Endogenous Labor Supply
The standard life cycle model (Modigliani and Brumberg 1954)
is not very useful for examining the effect of changes in labor force
participation rates on saving. The very formulation of the model eli-
minates labor supply as a choice variable by assuming the income stream to
be exogeneously determined. While one might use the model to investigate
a reduction in the number of years worked, one cannot very well simulate an
increase in hours worked. However, it is possible to reformulate the model
so that both of these changes in labor force behavior can be analyzed. In this
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Table 4
Labor Force Participation Rates for Males by Age
20-24 yrs. 25-34 yrs. 35-44 yrs. 45-54 yrs.
Year
1950 89.1 96.2 97.6 95.8
1955 90.8 97.7 98.1 96.5
1960 90.2 97.7 97.7 95.8
1965 88.0 97.4 97.4 95.6
1970 86.6 96.6 97.0 94.3
1975 85.9 95.5 95.8 92.1
1980 87.0 95.4 95.6 91.2
Source: Same as Table 2.
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Table 5
Labor Force Participation Rates for Females by Age
20-24 yrs. 25-34 yrs. 35-44 yrs. 45;-54 yrs.
Year
1950 46.1 34.0 39.1 38.0
1955 46.0 34.9 41.6 43.8
1960 46.2 36.0 43.5 49.8
1965 50.0 38.6 46.1 50.9
1970 57.8 45.0 51.1 54.4
1975 64.3 54.6 55.8 54.6
1980 69.2 65.5 65.5 59.9
Source: Same as Table 2.
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Table 6
Labor Force Participation Rates for Both Sexes by Age
20-24 yrs. 25-34 yrs. 35-44 yrs. 45-54 yrs. 20-54 yrs.
Year
1950 67.7 64.4 67.7 66.5 66.3
1955 68.4 65.7 69.2 69.7 68.1
1960 68.3 66.4 69.9 72.2 69.3
1965 69.0 67.7 71.1 72.6 70.2
1970 72.3 70.5 73.5 73.6 72.4
1975 75.1 74.8 75.3 72.7 74.4
1980 78.1 79.9 80.2 75.1 78.7
Source: Same as Table 2. , _ '
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i
section we develop a model in which the individual simultaneously chooses
consumption, saving, and labor supply over his life cycle and then we use
this model to simulate changes in labor supply on consumption and saving.
Suppose an individual expects with certainty to live for N years,
work for M years, and retire for N-M years. Over this life cycle he
must choose his N-year expenditures upon goods and his Jiours of work for
each of the first M years, given prices and wages that are expected to
prevail and given his preferences for current and future consumption of
goods and leisure time. We begin with a description of these preferences.
Write u. as total utility received in year i. The intertemporal utility
function will be written as
1=1 '
where 1+6 is the rate at which the individual discounts future utility
and is the elasticity of substitution between u. and u.,,, where
Y 1 1+1
0<Y<°°. AsY->-0, u. and u. become perfect substitutes, while as
Y -> ", u. and u.^ become perfect complements. At y = 1» the function be-
comes logarithmic.
The instantaneous utility function, u., is assumed to be a function
of the consumption of goods, X., and leisure, I.. During working years,
suppose the utility function takes the form
u. = [X.P+ a£.P]^^*^ i=l,...M (2)111 '
In other words, assume a constant elasticity of substitution utility
function with —- equal to the elasticity of substitution between X.
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and i. and l>p>-oo. Asp->-l, goods and leisure become perfect sub-
stitutes, while as p ->- -°° , they become perfect complements. For p = 0,
the function becomes Cobb-Douglas. The positive parameter a^ summarizes
the individual's taste for leisure. During retirement years suppose the
utility function takes the form
u. = eX. i=>H-l,...,N (3)XI
where e is a taste parameter for retirement consumption. Combining (1)-
(3), the lifetime utility function can be written as
1=1 i=M+l
The individual selects X. (i = 1,...,N) and I, (i = 1,...,M) to
maximize (4) subject to the budget constraint
1=1 1=1
where r equals the annual interest rate (assumed for simplicity to remain
constant over time) and w equals the annual wage rate (also expected to
remain constant). Finally, assume consumption goods sell at a constant
per unit price of one.
Maximization of (4) subject to (5) by the method of lagrangian
multipliers yields (along with equation (5)) the following system of
necessary conditions for an optimum:
l-y-p
(iTe)'"^[^i + ^^1 ' ^i"^ - ^(iTF>'"^ = i=i.....M (6)
-12-
(^)i^l^-^l^
1-Y-P
P -nP-l
a£: ^ -AwCt^)^"-"- =
1 1+r
i = 1, . . . ,M (7)
i=M+l N (8)
where A is the multiplier on the budget constraint.
Suppose we assume 3 = r, that is, the individual discounts the future
at the same rate the market does. Indeed, if the prevailing interest
rate is thought of as the market outcome of aggregating individual prefer-
ences for current and future consumption, then the assumption that 3 = r
amounts to assuming the individual is "representative". Combining equations
(6) and (7),
i. V
X
i = 1,...M (9)
and substituting (9) into (6) and (7), rewrite the system (6)-(8) as
1-Y-P
[1 + a(^)P/P-l ] P x:^=X
a 1
1-Y-P
[(:aP/p-l^ P a,:Y =
^;,
w 1
'"^
-Y
e X/ = A
i=l, . .
.
,M
i=l ,. . . ,M
i=l,...,N
(6')
(7')
(8')
From (6') since the marginal utility of goods consumption for all i
equals the constant A, goods expenditures will be constant for the
first M years (X = X- = X. = ... = X^) . Call this rate of expendi-
ture X . From (7') since the marginal utility of leisure for all i
w
equals the constant wA, leisure (and labor supply) will be constant
(£ =£„ = £-=... = J2^) • Call the fraction of time devoted to leisure I.
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Finally, from (8') consumption during retirement years also will be con-
stant (X^^^^ = X^^2 = ••• = ^)- ^^^^ ^^ \'
From (6') and (8') the ratio of retirement consumption to consumption
during working years can be written
1-T Y+P-1
^ = e ^ [1 + a(f)P/P-^]
^P
(10)
w
This ratio can be greater than, equal to, or less than one depending
upon the size of the parameter e.
Finally, rewrite the budget constraint as
1=1 l=M+l 1=1
and define the right hand side of (5') as Y, that is, the discounted
present-value of lifetime income. Therfore, annual consumption during
working-years equals
1=1 w i=M+l
and annual retirement consumption equals
^\/\
1=1 w i=>H-l
Notice that if X_ = X and r = 0, these equations reduce to the
particularly simple form
^w = \ = ^ ^•1-N
In other words, lifetime income is consumed at a constant rate over the life
cycle.
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In neither equation (11) nor (12) does leisure appear explicitly.
However, one should not conclude that the allocation of time between
leisure and labor has no influence over the optimal pattern of lifetime
consumption expenditures. The allocation of time between leisure and
labor matters because it affects the ratio of retirement to work-years
consumption, X_/X . In the appendix to this paper, we demonstrate
that if
then
(i) If 1^ < 0, then -r-^ <
3w 3w
and ' =
(ii) If T- > 0, then -^ >3a ' Sa
In other words, if the intertemporal elasticity of substitution of
X^ for X is less than the intratemporal elasticity of substitution of X
for I, then a wage increase that increases labor supply (reduces leisure)
reduces the ratio of retirement to work-years consumption. Also, a
reduction in the taste for leisure (that increases labor supply) will
reduce the ratio of retirement to work-years consumption. The intuition
behind these results is that the individual is better able to compensate
himself for lost leisure by increasing consxamption during working years
than by increasing consumption during retirement years because of the
assumed pattern of substitutability.
The assumption that the intertemporal elasticity is less than the
intratemporal elasticity of substitution is critical for the conclusions
generated above. However, it seems to have substantial empirical support.
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In a recent paper, Robert Hall (1981) estimates the intertemporal
elasticity of substitution in consumption to be extremely small:
...All of the estimates of the intertemporal
elasticity of substitution are small. Most of them
are also quite precise, supporting the strong con-
clusion that the elasticity is unlikely to be much
above 0.1, and may well be zero.
While estimates of the intratemporal elasticity of substitution between
goods and leisure are not large either, they usually exceed 0.1. For
example, P. R. G. Layard and A. A. Walters (1978) report an estimate of 0.4
for U.S. male labor supply. Indeed, we demonstrate in the appendix to
this paper that the elasticity of substitution between goods and time
must exceed 1.0 for the labor supply curve not to be backward-bending.
III. Aggregate Saving Rates
The previous section described the optimal life cycle consumption and
labor supply behavior for an individual. If we assume our individual
is "representative", and if we make some assumptions about the growth of
population and aggregate income, then we can calculate the aggregate saving
rate.
We shall assume that the economy is characterized by steady-state
growth rates of population and income. Population will grow at the rate n,
per-capita income will be stationary and aggregate income will grow at the
rate n. The virtue of a steady-state growth assumption is that it produces
particularly tractable solutions for the aggregate saving rate, which in
turn can be used to simulate changes in labor force participation.
Population grows at the constant rate n. Recalling that each individual
lives for N years, there are N different generations alive at any time.
-16-
Normalizing the total population of the youngest generation to 1, this
means there are 1/1+n members of the second youngest generation and
l/(l+n) members of the oldest generation.
Suppose per-capita income remains stationary over time. Individuals
work for M years, receive a constant wage w, and offer a constant annual
labor supply l-£. Define y = w(l-^) as the stationary level of annual
per-capita income. Aggregate income is the sum of the y values across
individuals and across generations, or
M
Aggregate Income = y Z (-rr—
)
. 1 1+n1=1
In Section II individuals were shown to consxame their lifetime income,
Y, at the constant annual rate X during work years and X_ during retire-
ment years. Aggregate consumption is the sum of consumption expenditures
across all working and retired individuals.
Aggregate consumption = X^ E (j^)^" + \ ^
^l+S;^i=l i=>tfl
where
w M X N
i=l W 2.=Wrl
X„ =
V\
and
1=1 w i=M+l
" 1 1-1
1=1
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Therefore, the ratio of aggregate consumption to aggregate income equals
1=1 1=1 w i=M+l
1=1 1=1 w i=>H-l
and the ratio of aggregate saving to income equals one minus the expression
above.
Recalling the fact that
T+1
l+Z+Z +....Z =
1-z
the ratio of aggregate saving to income can be rewritten as
1 - [ -. ^] [ Z y ] (13)
1+n l-(^) (—) + (_-l)(_)
This is the fundamental result used in the simulations in Section
IV. Notice that if r = n the terms in brackets reduce to one, and aggregate
saving is zero. A positive saving rate requires n > r. Finally, if X^ = X
then the ratio of saving to income reduces to the simpler form
1-C-^^) l-C^'^-)
^1+n^ '•l+r'^
IV. Simulations
In this section we apply reasonable values for the parameters in
expression (13) to generate aggregate saving rates and then simulate
changes in these values consistent with recent changes in labor force
behavior to assess their impact upon the saving rate.
-18-
\
i.-i ' • For the most "reasonable" parameter values we find that the implied
saving rates are lower than the NIPA saving rates reported in Table 1.
While there may be many explanations for this, two seem particularly
noteworthy. For one, the model does not allow for secular growth in
per-capita income. If per-capita income grows at the rate g, then
aggregate income would grow at the rate n+g which would widen the gap
between n and r and therefore raise the saving rate. However, the reason
we have not introduced growth in per-capita income (i.e., growth in w)
is that with a growing real wage, labor supply would no longer remain
constant across all working years, and therefore, one could not derive
a simple expression for aggregate saving as we were able to do in (13).
A second reason why the saving rates may appear too low is because
the model includes no bequest motive. Several recent papers [White
(1978) and Kotlikoff and Summers (1981)] have suggested that intergen-
erational transfers are a major source of saving which may well account
for as much as 50% of aggregate saving. The reason a bequest motive
was not included in the life cycle model developed in Section II is that
it was not judged to play a central role in transmitting changes in
labor force behavior into changes in the saving rate. Our goal is not
to develop a model that will generate the correct level of saving but
one that captures changes in the saving rate without being unnecessarily
complex.
According to expression (13) , the aggregate saving rate depends in
part upon the values of M and N, and in part upon the ratio of X^ to X .
Changes in the values of M and N reflect secular changes in retirement
behavior and life expectancy respectively. As suggested in Table 3, there
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has been a very slight increase in N since 1950 and a substantial decrease
in M. The effect of these changes is captured in Tables 7 and 8. Table
7 assumes N=50 and M=43, the average values for males in 1960 while Table
8 assumes N=50 and N=37, the 1970 values. Each table is constructed for
several X^/X values. Comparing saving rates in the two tables holding
X^/X fixed, the 16% decline in expected working years (from 43 to 37)
implies an almost doubling of the saving rate in a steady state . In other
words, comparing two economies identical in all respects except for the
expected number of years individuals work, the economy with the shorter
working span exhibits a higher saving rate. These steady-state conclusions
cannot be applied directly to the nonsteady-state reduction in work years
between 1960 and 1970, but they are suggestive of the direction of movement.
Furthermore, the relative constancy of expected work years since 1970 indi-
cates that more recent movements in saving rates cannot be explained solely
by changes in retirement behavior.
Several factors related to changes in retirement behavior also have
an impact upon saving. One reason for the sudden fall in M during the
1960s was a liberalization of early-retirement social security benefits.
It has been shown elswhere (Feldstein, 1974) that one important impact
of unfunded social security may be to reduce private saving. Therefore,
it is likely that the dramatic fall in M would not really result in a
doubling of the saving rate. A second point to remember is that the
fall in M captures only the change in the behavior of male workers.
Older female workers actually increased their labor market activity,
according to Table 2. This would would tend by itself to reduce saving.
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Table 7
Aggregate Saving Rates
(Assuming N = 50, M = 43)
For j£ - 1
w
For
x^
=
.8
w
For - = .6
w
\ n >
r \ .01 .02 .03 .04
.01 .026 .047 .063
.02 1 -^ y- : ' .022 .038
.03 .017
.04
N. n
.01 .02 .03 .04
.01 .022 .039 .052
.02 .018 .031
.03 .014
.04 •
X .01 .02 .03 .04
.01 .017 .030 .040
.02 .013 .024
.03 .010
.04
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Table 8
Aggregate Saving Rates
(Assuming N = 50, M = 37)
; « . «»
For
\
w
= 1
r\ .01 .02 .03 .04
.01 .049 .088 .118
.02 .041 .073
.03 .033
.04
For
X = .8
w
For J = .6
w
.^ .01 .02 .03 .04
.01 .041 .074 .099
.02 .034 .060
.03 .027
.04
X .01 .02 .03 .04
.01 .032 .055 .078
.02 .024 .047
.03 .024
.04
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Therefore, the net effect of the 16% reduction in expected working years
of males is likely to be less than that indicated in Tables 7 and 8.
According to expression (13) the second important determinant of the
aggregate saving rate is X^/X . In Section II it was shown that this ratio
depends in part upon labor supply behavior. An increase in labor supply
induced by taste or wage changes was shown to reduce X^/Xj, as long as the
elasticity of (intratemporal) substitution between leisure and current
goods consumption exceeds the elasticity of (intertemporal) substitution
between current and future goods consumption. Under this assumption the
increased labor force participation of 20-54 year olds since 1950 should
have reduced X^/X . And Tables 7 and 8 both indicate that a reduction in
X /X decreases the aggregate saving rate. For example, if X^/X^, declines
from .8 to .6, the steady-state saving rate would fall on average by 20%.
By how much has X^/X fallen in response to the increased parti-
cipation of younger workers? This is, of course, the fundamental question,
but one not easy to answer. One way to answer this question is to assume
that the increased participation of young workers is the result of in-
creased market wages and then to compute the elasticity of X^/X with
respect to wages. It is shown in the appendix that this elasticity can
be written as
wJl
L YP J LD-IJ L W.
1 + wi
X
w
w£
Assume X =.8w(l-Jl) and i = 2/3, then -=— = 2.5. If we assume the elasti-
w X
w
city of intertemporal substitution is -.1, then y = 10, and if the elasticity
of intratemporal substitution is -1.111, then p=0.1. The elasticity of X_/X
with respect to w implied by these assumptions is
-23-
1 + 2.5
~''^
Between 1950 and 1980 average real earnings increased by slightly more
than 50%. This would imply that the ratio of X^ to X fell by over 36%.
By how much would the saving rate fall in a steady state if X^/X declines
by 36%? Looking at either table 7 or 8, a 36% fall in X„/X would be
K W
equivalent to a fall from X /X = 1 to X^/X =.6. For most combinations of
K W K W
n and r the saving rate falls 30-35% in a steady-state. This implied
decline in the saving rate due to the fall in X^/X is slightly less
than the implied increase in the saving rate due to the reduction in M.
The two changes are found to be approximately offsetting in a steady-state.
V. Conclusions and Extensions
Life cycle models of aggregate saving such as the one developed
here or the one constructed by Tobin (1967) suggest that demographic and
labor force variables are critical determinants of saving rates. Since
1950 there have been fundamental shifts in the age structure of the popula-
tion, family size and composition, retirement behavior, and labor force
participation rates. In light of these changes and their obvious impacts
upon saving, it is remarkable that the aggregate saving rate has remained
so stable. This paper offers one explanation for this stability by demon-
strating that two shifts in labor force behavior have had potentially equal
and opposite effects upon saving. The decline in the working life of (at
least) males caused by a reduction in labor force participation of older
wDrkers has been shown to increase aggregate saving. Our calculations suggest
that a 16% reduction in working years would raise the saving rate by up to
-24-
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50% in a steady-state. The increased participation of younger (mostly
female) workers has been shown to reduce aggregate saving by twisting
the life cycle of consumption expenditures away from retirement con-
sumption toward consumption during working years. Our calculations
show that a 50% increase in real wages would reduce X^/X by 36% and
reduce the aggregate saving rate by upwards of 35% in a steady-state.
All of these calculations represent at best very crude first approxima-
tions at the true effects, intended only to be suggestive of the direc-
tion and relative magnitude of the changes.
Since 1975 the aggregate saving rate (based upon NIPA data) appears
to have fallen relative to its average over the previous 25 years. One
possible explanation for this decline based upon the analysis of this
paper is that the two fundamental changes in labor force behavior are no
longer exerting equal and opposite force upon the saving rate. Data in
Table 3 on average wroking life and Table 2 on participation rates among
older individuals suggest the movement toward early retirement has slowed
considerably since the early 1970s. Conversely, the rising participation
rate among younger individuals as reported in Tables 4-6 has accelerated
since 1970. For saving rates, this should mean that the impact of a
falling X^/X now outweighs the impact of a falling M and future saving
rates will remain low and may continue to decline.
-25-
• Appendix
Select X. (i=l,2,3, . . .,N) and L. (i=l,2,3, . .
.
,M) to maximize
1=1 1-Y i=M+l 1-Y
subject to
N . M .
. , 1+r 1 . 1 1+r i'1=1 1=1
The first-order necessary conditions are:
l-y-p ,
CA.l) [X^ + aL^] p X*^"^ = A for i=l,2,3, . . . ,M
1-Y-p ,
(A. 2) [X^ + aL.] p aL^?""^ = Xw for i=l,2,3, . . . ,M
(A. 3) e"'"~^X.~^ = \ for i=M+l,...,N
N N
CA.4) Z i-^)^~ X. = Z (t^)^ w(l-L.)
. , ^l+r-^ 1 . , ^1+r 11=1 1=1
where A is the lagrangian multiplier.
For a given i, (A.l) and (A. 2) imply
,. cN
_i _ /^.N^/P-l i=l,2,3 ,M
^^•^''
L. V
1
Solving (A. 5) for L. and substituting into (A.l) yields
[1 + ac^)p/p-^]^T^ x:^=(A. 6) i y"" "] p X^' A i=l,2,3,...,M
which implies that
call this value X .
w
-26-
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Solving CA.5) for X and substituting into (A. 2) yields
Izne.
(A. 7) [(,^f^^'^ + a] P aL"^ = Aw i=l,2,3, . . . ,M
which implies that
^1 " ^2 "
-"^a
" ••• " Hi*
Call this value L.
Also, (A. 3) implies that
^+1 " -^1+2 " ••• ^ \'
Call this value X^.
Dividing (A. 3) by (A. 6) yields:
CA.8) 3:^ = s ^ [1 + a(^)'^/P-l] ^PA aw
To solve explicitly for L, solve first for X in terms of L from
w
(A. 5) , , T
and for X in terms of L from (A, 8)K
X^ = L
.^ [1 + aCf)P/P-l]^ C^)l/P-1
and then substitute these values into (A. 4). Solving for L,
WA
'
(A. 9) L =
where
M
. ,
,a,l/p-l,
, 1-Y ,^ , .w, p/p-1,-^^—^— ,a.l/p-l„wA + (^) •" A + £—^ [l+aC-)"^ "^ ] YP <^J B
1=1
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and
N 1 . -,
B- Z C^,-^
i=M+l
3L 8L
It is not possible to sign the derivatives -r— and -— unambigously,
3w 9a
but it can be shown that
_3L
_
,a^. _9L
3w " "P^w^ 3a -
In a single period version of the utility maximization problem, it can be
shown that
-l.a.l/(p-l)-l
_3L ^ p-lV^
aa
-
[„ ^
(a^l/P-lj2
w
which is always positive. If we simply impose this static result on the
intertemporal version of the model, then
^>
3a
3L > <
and -r— =0 as p =3w < >
Therefore an upward sloping labor supply function requires a positive
value of p, or equivalently, an elasticity of substitution between L. and
X. greater than one in absolute value (i.e., L_
[
> 1).
How does X^/X vary with a change in w or a? Take the derivative
of X^/X^ with respect to W in (A. 8):
\
-28-
Now since 1 < p < -«> and Y > 0,
sign
J
w
3w
=
-sign [y+P-1]
If we assume that the elasticity of intertemporal substitution is
less than the elasticity of intratemporal substitution, that is.
1^1 < li^i
then Y > 1-p or y + P -1 > 0. Under this condition,
X
w
8w
< 0.
Also, take the derivative of X_/X^ with respect to a in (A. 8)
X^
P Y+P-1
_^
CU, !| = [1^1 . T' U . aCf,-^] - -Cfr^^I
under the assumption that y + P-1 > as above,
Xr
sign
^R
X
w
da
= sign [p]
An upward-sloping labor supply function requires p > 0, so
w
3a
> 0.
In summary, secular decreases in L (caused by either rising w or falling a)
are associated with secular decreases in X^/X .
Finally, from (A. 10) and (A. 8) we can calculate the elasticity of
X^/X with respect to changes in w:
-29-
w_ ^ 1
X^ 3w YP p-1 a
a
And from (A. 5)
wL
_
,w,l/p-l
_ w.p/p-1
w
so.
x„
! R
• T-
R w
3w
w
^ YP P-1 X '
w_
w
-30-
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